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Upper bound solution for bearing capacity of circular
shallow foundation based on limit analysis

ZHANG Guo-xiang, FU Jiang-shan
(School of Civil and Architectural Engineering, Central South University, Changsha 410075, China)

Abstract: Foundation bearing capacity is one of the most important research topics in the field of geotechnical engineering. Focusing
on circular shallow foundation, and starting from spatial problem, and according to the theory of limit analysis, a more reasonable
upper bound solution for the ultimate bearing capacity of the three-dimensional circular shallow foundation is presented theoretically.
This thesis chooses a suitable foundation failure mode and motor displacement velocity field, and firstly considers the influence of the
lateral soil pressure on the limit bearing capacity of circular shallow foundation and the effects of soil weight under the base of the
foundation and surcharge load. Combined with the project, the upper bound solutions are calculated using corresponding Matlab
program and compared with the serve value in other techniques. The upper bound solution is proved to be more rational and practical.
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1 51 5

i A EE ) ) 2 T AR AT S ) A i)
Bz —, BRI AR I T B A LR
4 KU1 WP TL . A MR TIA. 3L
T A BRICIE . JE TR 71 Terzaghi®
Meyerhof™. Sarma 1 Tossifelis™FH 2445 ) T Hi L A&
=R (D7 W = /NG WS P & e S Ry it oyl ]
ORI A R 22 1), e BR AT 25 FE A R . g -
NAR, A% ERANEN, BRI Y
D153 A R B ARAA BeAT 2 583 1~ /4, i H
T4 10T 9 A0 BT AT (1 RS 2 3l T 5 R
Sokolovskii. Hansen /% Boltint” ™ * | F1] 8 7 -4 &% i
MRAATAF RN T A Ze I BRAPAE o) Jr R, HUH R

Wk HI: 2009-09-08

BEX YE I SRGE LA R AR R . 1L, A
PR ICIEML 32 SRR A I 7 38 0y 1) 3L, 3 7 ik
(1 B KA S AR AR A 2 B A= 10 R 3 . 4
BRATER NSRS Griffiths. Burd”Hs ]
A BRICTEES T AN R EE AR, AEX P AT
REFE T T R RN - AR R, TR -1
R L RN ZE N, H S LA Rk AR
e SCHR[10— 12] 78 b4 PR A 2 0 5w 7oK
HF AR, FIFRBR AT, gl LR R AR
] RS EA EAR TE R B, K L AR ER AR A ISR 1,
MRE B SR R, A L S R i M
AR A TRBENAEE S P 2 L, TR
IR, R AR R AR TE R
PRI Bl I 1R A0S T 26 5 Py I H0 SR A Ay 28 A% PR

SBARER S SKRERE, B, 196294, W, BdR, WA, EEASCE BRI HTECE ST CAE. E-mail:gxzh@mail.csu.edu.cn



3850 b +

b 2010 4F

{8, Miufaitl 7B FRAR S IRARERE, SRt
TR BRAR B RO TR R, AT
filt BB IR RE T BT AR BTS2 A 1) b s g
W PRAE I M, RN RER a5 T AR H
b R 2 S B At BN AR (R, HE S
BRI 50 A B — 4R BT LA AR R AR S
R A

2 MLBhVF ] S i 5

e Th IR BRI OB 6 AT R — A VR
N )3 FT S — LB BV IR S, A )
RETYRNBEN R R, LI BiRE, Eif
IRLBI ZEVE (1) S AR T T A ) N A 8,
PELAT 28R g5

PR AR R 73 M PR g PR - Ao BR P17 2
XEARN B, M H PR EEA, @ LEhvr i
G 1 s, FHBoE . ORTERERE A WA,
HR 5 M B Befid, Bk Dy f5e KR g 185
@Hh I N BEAR NI SE P44, 3 AE ST, RN
JEEIR-FE WA UEN,  HANAT FR4i s @HBIEMEIRIX 73
H =y AR RS BT IE I HLEA T, W
& ABC J XA . ADC WEEARTEIX . WilPEAk
ADE AKX o BT AR I 2 Pros .

Vo
Vs

4 Vs
D C F

1 LIRS

Fig.1 Axisymmetric motor velocity field

B2 AL

Fig.2 Unit calculation mode

3 LR SRR R

PN BE ARG IR 04 T 32 1] 0 7 PR A
B IX BERACHCR . E/E N M RERAEHOR KK
THAMT BRI BER M AEACR , AN iR AT 311
TRl 2 M, 5 X ABC T T W L

B Anan e 1 Fos. el BT8R 20 A B mT LUE S
HAC. CF X FG 38 0] Wi b s .

(1) AC [a] Wi

Vlleosec(£+£j (D
2 4 2

A v ONSERL I RSB o g IE N RE R
flo

(2) CF [a]Wrif

1 T @
v, :EVO sec(z+5jexp(9tango) (2)

Xh: 08 CF5 BC Z 1Al
(3) FG [A] i
Vo oo B \exn T
Vv, = 2sec(4+2jexp(2tan(pj (3
3.1 =#® ABCKX
(1) WK 2 Fiow, L BC Ry BEZR 30 43 IR HE
[H Wi CBB' L IAIRE R R A
Wegy = | 5, C[AV, ]ds @

Al [AV, ] LT 1] CBB' 3 AR X T D)
el L5, BV, cosg ;s Z1 LA BC Bl
LRI 5y BUHETT CBB' » W Wy =V, cosgf  ds » ¢
ML LR S, B

1 2 TP 2
. =—cV,sec”| —+ =~ |cospBd (5
Weas 16c 0 [4 2} pB°dp

A B FERIITERL:  dB s B ITR A .
(2) [EHERAA C — OBB' T FE 1A% N

B* BY,
WG] — }/VVO :Z%n__otan (E.’.%j —

32 4 2 4
(6)

1 op e
13 yBV, tan(4 + zjdﬁ
(3) EBX[RAHERIAC —0BB' iz K J1114%E
oy G T, SRR IR 0.
3.2 XWHIRLZFX BCF
(1) JEfkmWrim CFF LR B IHECE A

Wee = [ 5, ¢[AV, ]ds D

e [AV, | BE RN T CF 3 (A X 3 B2 A D) 2
J7 by, BV, =V, exp(@ tang)cosp 5 X2 K
CF IR SeAiess 11 53 e Wi CFF', i 3
PR e



ERVE R FEREAE BT AR BT IR [ P B fli b k7 A g L PR 3851
RS
yV,B*dp
Wg, = ° T St
16sin2¢cos’| ~+ ¢
4 2
V,Bd
7,5 dp — Lo a3
8sin2 o R
sin 2¢ cos ¢ cos (4 2)
B3 R RN R Ho,
Fig.3 Sketch of velocity discontinuity surface
tan ¢ cos (n —(pj (el 1)
4 2
h= 4tan’ @ +1 "
O tanp -1
ds=2midr S8 K@ T D RAD 4 (g
2n sin @ cos @ 1sin n e (e(rkZ(p)tan(p_l) oS T 9
| 2 4 2 N 4 2 ]
s 4tan” @ +1 4tan¢p
2gec| TP
CV,B sec(4 + Zjdﬁ cos(—(pj )
Wepp = 3si ](0 (9) (e(n—Z(p)tan(p _1)_#(6(7 7] ane _1)+
sin @ tan @ 3tang
oo 3 0
3tan(p{cos(z:—(§j—l}(e(4 2]—1)
1 3 1 1
f :{gexp(gntan(p)—Eexp(ntango)+g} (10) 9tan’ 1 4 +
S Ol EL W (E—B)—(P]tan(p
(2) ALK BCF — B'CF' 4 AL Rl e ZSin(“_(PJ(e L)
VR HERE RS TEIX BCF — B'CF' 9 St B L (14)
DEWDE N PATE=N . t
I, SURL R IR R RS, e
TP
CV;)Bz SGC(4 +2j dﬁ tan(pcos (n+ (Pj (GZntan(p _e(rc72(p)tan(p)
W =Wepe = - /o (11 4 2
8singptang fo= +

(3) WK 4 fror, 2B EXIEEei 14k BCF -
B'CF' Fi 25 1Mo s &

T
Wes :J‘o4 2y2nlL,dLH, (;_ﬁVz' +
. (12)

y2nL,dL,H, %Vzﬂ
2n

?
2

H 4 RREEEX B

Fig.4 Sketch of transitional deformation zone

sin (n + (pj
3n 3n 3¢
4 2) T e

4tan’ ¢ +1

lSil’l E_i_ﬂ (62ntan(0+e(n—2(p)tan¢.)
274 2

4tan’ ¢ +1

®

. Y
sin (4 + 2)
_ eZntan(p _e(n—Z(p)tan(p) +

4tan¢

)+
3tang

3n

T ¢) (3—7{73—(0]{311(1)
3tan(pcos(4+2j(ez‘”“’ —et )

9tan’ ¢ +4

(15

C4) ey s S ezh Dy 5. 6 P, K

FICHIREAR o) ds Pz Eah L5104

R O tan
IR0 g

. (16>
3 cosg@



3852 b +

b 2010 4F

Hor,
H:R(,e“a“q’sin(e+f+£j; K, =tan2(£—£j (17
24 4 2
L K, EF) LRI RE M)+ 8 DA

L3 K RS 30tang
Wy = [22x=22° 2 2.2, 0d6-
0 3cos¢ 4 2

: dﬁ 1 T % Otangp _: T %
sin—-—v, sec| —+— |e sin| —+—+6
> 2"0 ( j 4 5 (18)

Bs5 TEAHEEE

Fig.5 Soil pressure calculation model

e ZBXTEARIE

Fig.6 Soil pressure vertical view of deformation zone

BT

W =

Nr2

K,yBV,dp

5 (19
48cospcos’ (Z + (pj

2

4tal’l¢)COS E+£ +sin E_;’_ﬂ eZTctan¢
42 4" 2 )

16tan” @ +1

4 tan ¢ sin Ti? | -sin| 4+ 2
4 2 4 2

16tan” @ +1

2tan(pcos(3(p _nj
2 4

l6tan” @ +9

Ztan(pcos £+3—¢) —Esin £+3£ eZTctan(p
472 ) 274 2 )

16tan” @ +9

2tan @ cos (32('0 - nj

f3:

+

4
l6tan” @ +9

(200

33 =¥ BFGKX
Wik 7 B, LRI FG Ry BREEL 55
ERE T L) e ST HCR N

CV,B*dp
WFGG'F :O—Tc]rél (21)
4cot(+(pj
4 2
3n T
2exp| —tang [tan| —+ = |+ exp(ntan @)
2 4 2
fi= -
cos @
ex 3—ntan
p 5 4
2(1—sin @)
(22)

eI AR Pz AT 7 pros,
Wesh X T AR

Virosra = gBF sin G - %j[O'FZ +O0'FOG +
OGZ]%—EBFsin e
2 3 4 2

[OB2 ¥ O'FOB+0'F2]% (23)

2n

7 SIS EE
Fig.7 Sketch of rotary body of passive zone

(WA CiEE AT S

Bd
Viro-pro = —ﬁexp(n tan @) -
4tan ( - j

b
exp| —tan¢
2
—+1
b
tan L 4
4 2

W AN X AR 32 AN D)2

24)

yV, B’ tan (2 + (gjdﬁ
W —

oy = - /s (25)
8tan(—(pj
4 2




512 3 GR R FEAE

H TR BRI M IR B T e ik K A b B 3853

/s :M+exp(3—ntan(pj (26)
tan(n—(pj 2
4 2
MBI AR e 32 0 1) = s oA DA e 84 9
P, SEREh dx 5T EARPT 2 8 Lk o
1

dE, = EKayhzdx Q27
h=xtan| Z-2 (28)
4 2
Bexp (T; tan (pj
L=BG=———F7—7-—"7% 29)
tan| = -2
4 2
X
—pdx
B . G
h
r_9
4 5
F
B8 BBIX LA
Fig.8 Schematic diagram of soil pressure
calculation model of passive zone
B — dg

I\

B9 BIIXLEDHHILE

Fig.9 Soil pressure vertical view of passive zone

W B X AR T2 L T 0

E =ZIL/2yKa tan?| T -2 | x?dx =
S F 4

2
(30>
yB’ tan(TE —(pj
#exp (éntan wj
24 2
WO B0 X AR e sz ) - A D 26 R
Wy = 2E, Sin%V3 cos (E + ﬂj =
2 4 2
(31>

yBV, o
f—2tan| — —— |exp(2ntan @)d
23 P p( p)dp

34 [FEFE LERBEEHEER
B FREE ERRE R SR A

1 1
=2 (an, —Znsz%cos(§—%jV3 (32)
s

K go=yH, Ly=L+B/2, y JHEREMHELLE
P-4 R . LT3

yHV, tan (2 + (gj
w, = 5 Je (33)
3n
7tan(p mtan @
© +—° (34)

Jo= I I
tan’ KL 4 tan T 9
4 2 4 2

4 ML AE T PR AE
AD P, R R T4 {5 AD
2 [ WA R 9#735‘3%‘%%?’3%0 e

BROEEEED, SRR IR T A REH AL, WY
TR RE 7R BT (1L R A

ﬂ:PB2 = Ccosp —%than(g+%j+
8cos” r + L2
4 2

Csec’ (2 + (gj yBsec’ (z + Zj
fo= fi-

1

2singtang 8sing
yBsec3(n+(pj
4 2 Rz L+
4sin2¢ cos @ 6cos’ @ ’
thanC:+(pj
@
—tan( +5jf4— - fi—
4tan| E-2
4 2
B yHtan(Z:+(pj
}/ go 2 tan @
—tan e
24 (4 j 2 fs

(35)
5 TRESEB S THEA RS L

AR SCHR 1017 (1) TAZ 51, ] Matlab 4
AN PR, AT (35) Frvth s b RRfg
5 SR B SRR 1070 (¥ b BRARAE T XL, Wik 1
FiRe MW H1: OASC - BRAFSS LL S 2,
IRIEREA EIIRHIAE 17% LA, S KR 2 19.4%,



3854 b +

b 2010 4F

B NRZEEN 8.4% . @A FBRAEA b SCRR[10] 9 1)
LR EN, mRKIRZEN 16.75%, I/NREN

3.05%, Ut WIASL b FRAFE A IR B R )
LR L BRARE

R ASORRARER ) 5 HANPIA Oy EE0 R B PR AR B IRZEXT L
Table 1 Error analysis of this paper’s ultimate bearing capacity compared with the other
two ultimate bearing capacity by using different methods
- ny MR Y c R S S ARSC R Rz T SCER[I0) LM BRZE 2 A
/m / (KN/m®) /kPa /(") /kPa /kPa /% /kPa /%
1 it 3.0 19.5 22.0 22.0 950 849.9 10.53 1 020.9 16.75
2 it 2.6 16.2 284 152 450 3775 16.08 391.8 3.65
3 it 2.0 18.1 23.0 14.5 350 320.6 8.40 376.7 14.80
4 it 2.0 20.6 25.0 18.3 750 607.2 19.40 626.3 3.05
5 it 1.6 20.8 9.8 248 850 731.5 13.90 769.3 4.91
6 it 22 204 5.1 324 2 500 2 0914 16.30 2 2189 5.75
7 it 2.5 224 5.3 36.2 4 500 4 1440 7.91 4 8123 13.90
8 it 1.8 212 7.7 26.4 1 000 901.7 9.84 949.5 5.03

e WRZE 1 AIRZE 2 A3 AN ASSC LR S SEIIME L AR SC b R 5 SCRR[10] 1 IR O 22

6 4

(1) A 1 AR EERT 41 5 SCHR[10]4H
bo, ASCAEHREM ) 6 e b AR B S, THER)
L BRAZE AL LG STHR (10774 1)L BRAA 2N o T AR 303
IR WS A L 7 Al & 32
B ARLE EARATEE T T S N s, B
DA E BRI AR 8 D Rl sl X A e R )
Wik ) B ah, B A R O, (H
FIE LARERN, SR bR B R 2 ) R
fif i AL, T A S DA b BR AR AR v o
AT B L ST AERT, PR AR
AU AE RUEW] . 25 e M 1A 6 R A
PR AN, HOF B R A RO

(2) 25 RS i - s A A S LA BR AR 87 L BR
A, SRt D RO W R AR SR, UED]
e 1 s o0 s b R AR 3 IRAT RO i, A
TR N T LA .

(3) ASCIRGERRBR A1 LRGSR, PGl
I FER AL S R LB e 8, S Hh A RE AR
AR ERRARASCHER[10] b R ZE/N, B 5 Pl
S T B LAt R AR PR AR 3 g, 7] O v At s
HefZ%.

Z % X W
[1] ZHAO L, WANG J H. Vertical bearing capacity for ring

footings[J]. Computers and Geotechnics, 2008, 35: 292

—304.

[2] YANG Hong-jie, SHEN Zhu-jiang, WANG Jian-hua. 3D
lower bound bearing capacity of smooth rectangular

surface footings[J]. Mechanics Research and Com-
munications, 2003, 30: 481 —492.

[3] TERZAGHI K, PECK R B. Soil mechanics in
engineering Practice[M]. New York: Wiley John, 1948.

[4] MEYERHOF G G. The ultimate bearing capacity of
foundations[J]. Geotechnique, 1951, 2(4): 301—332.

[51 SARMA S K, IOSSIFELIS I S. Seismic bearing capacity
factors of shallow strip footings[J]. Geotechnique, 1990,
40(2): 265—273.

(6] K5, ARy EalM]. Jbnt: ARSI H Ak
#t, 1993.

[77 SOKOLOVSKII V V. Statics of granular media[M].
London: Pergamon Press, 1965.

[8] HANSEN J B. A revised and extended formula for
bearing capacity[J]. Bulletin of the Danish Geotechnical
Institute, 1970, 28: 5—11.

[91 GRIFFITHS D V. Computation of bearing capacity

factors using finite elements[J]. Geotechnique, 1982,

32(3): 195—202.

Zet, /AL (BT Ve At e e 7 28 A B 43 1T 1)

BRARHTAR)]. BRIE 4K, 2001, 23(1): 94—97.

LI Liang, YANG Xiao-li. Analytical solution of bearing

capacity of circular shallow foundations using upper

bound theorem of limit analysis[J]. Journal of The

China Railway Society, 2001, 23(1): 94—97.

MR, BB AT 5 RSP, bt N RAZHE

fiitt, 1975.

%M, KHE—, MK, A& BT AE F IR R A

PR AT ERRIMTI]. HEEFE TR, 2008, 26(2): 69—77.

LUAN Mao-tian, ZHANG Qi-yi, YANG Qing, et al

Upper bound limit analysis of bearing capacity of

[10]

(11]

[12]

rectangular shallow footing on homogeneous clays[J].
The Ocean Engineering, 2008, 26(2): 69—77.

SOUBRA A H. Upper-bound solutions for bearing
capacity of foundations[J]. Journal of Geotechnical and
Geoenvironmental Engineering ASCE, 1999, 28(2): 59
—68.

SRR, T UL T IM]. dEaT: b AR A,
2000.

[13]

[14]



